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Abstract
We construct a universal presentation for the fundamental group of a closed-connected orientable 3-
manifold. This result may be of considerable interest not only for topologists but also for experts in
combinatorial group theory. Some applications on periodic manifolds and geometric presentations complete
the paper.
c© 2007 Elsevier Ltd. All rights reserved.
1. Framed links
A celebrated theorem of Wallace [22] and Lickorish [11] states that every closed-connected
orientable 3-manifold can be obtained by Dehn surgery along an oriented link in S3. This gives a
combinatorial representation of manifolds by link diagrams with rational coefficients (including
possibly ∞), called framed link diagrams. As well-known, two framed link diagrams represent
homeomorphic manifolds if and only if they are related by a finite sequence of elementary moves.
Furthermore, the surgery coefficients change according to Kirby–Rolfsen calculus (for details we
refer to [4,5,9,17]). The Wallace–Lickorish theorem has been successively refined in [12,13,20]
as follows. For any pair of positive integers n and m, let L(n,m) be the oriented 3nm-component
link in the oriented 3-sphere S3 depicted in Fig. 1. We see that L(n,m) is n-periodic since it
has the cyclic symmetry of order n which permutes the families of circles (with common center)
having the same type as that in the picture (here the indices are taken to be mod n). From the
quoted papers, we have
Theorem A. Every closed-connected orientable 3-manifold can be obtained by +1 Dehn
surgery (or, −1 Dehn surgery) along a sublink of L(n,m) for sufficiently large n and m. In
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Fig. 1. Dehn surgery description of the closed orientable 3-manifold Mn,m (pi, j /qi, j ; ri, j /si, j ; hi, j /ki, j ) and the
generators of a Wirtinger presentation of pi1(L(n,m)).
other words, every closed-connected orientable 3-manifold can be obtained by +1 or ∞ Dehn
surgery (or, −1 or ∞ Dehn surgery) along the link L(n,m) for sufficiently large n and m.
Let Mn,m = Mn,m(pi, j/qi, j ; ri, j/si, j ; hi, j/ki, j ) denote the closed-connected orientable
3-manifolds obtained by Dehn surgery on S3 along the link L(n,m) with surgery coefficients
pi, j/qi, j , ri, j/si, j and hi, j/ki, j , where 1 ≤ i ≤ n and 1 ≤ j ≤ m (see Fig. 1). Of course, we
always assume that gcd(pi, j , qi, j ) = 1, gcd(ri, j , si, j ) = 1 and gcd(hi, j , ki, j ) = 1. Theorem A
says that any closed-connected orientable 3-manifold is homeomorphic to Mn,m for sufficiently
large n and m and certain values of the parameters. Moreover, the surgery coefficients can be
chosen to be +1 or∞.
We will prove the following
Theorem B. The fundamental group of the closed-connected orientable surgery 3-manifold
Mn,m = Mn,m(pi, j/qi, j ; ri, j/si, j ; hi, j/ki, j ) admits the finite balanced presentation Pn,m
= Pn,m(pi, j/qi, j ; ri, j/si, j ; hi, j/ki, j ) with 3mn generators a2i−1, j , a2i, j and bi, j , and 3mn
relations
a
−ri, j
2i, j = b
ki, j
i, j · · · bki,1i,1 a
qi+1, j
2i+1, j · · · aqi+1,12i+1,1a−qi,12i−1,1 · · · a
−qi, j
2i−1, j
a
−pi, j
2i−1, j = b−ki−1,1i−1,1 a1si−1,12i−2,1 · · · b−ki−1,mi−1,m amsi−1,m2i−2,m bki−1,mi−1,m · · · bki−1,1i−1,1a−si,m2i,m · · · a
−si, j
2i, j
and
b
−hi, j
i, j = a
si, j
2i, j · · · asi,m2i,m
where ` = 0 (resp. 1) if 1 ≤ ` < j ≤ m (resp. 1 ≤ j ≤ ` ≤ m), and 1 ≤ i ≤ n, 1 ≤ j ≤ m
(here the first indices of the generators a and b are taken to be mod 2n and n, respectively, and
the first indices of the exponents are taken to be mod n).
Corollary 1. With the above notations, the presentation Pn,m is universal, that is, for every
closed-connected orientable 3-manifold M there exists a finite balanced presentation for pi1(M)
E. Barbieri et al. / European Journal of Combinatorics 29 (2008) 1309–1320 1311
which arises from Pn,m for sufficiently large n and m and certain values of the parameters.
Moreover, the pairs of coprime integers (pi, j , qi, j ), (ri, j , si, j ) and (hi, j , ki, j ) can be chosen to
be (1, 1) or (1, 0).
If m = 1, we write briefly Mn(pi/qi ; ri/si ; hi/ki ) to denote our manifolds, where pi = pi,1,
qi = qi,1, and so on (i = 1, . . . , n). Theorem B immediately implies the following result.
Corollary 2. The fundamental group of the manifold Mn(pi/qi ; ri/si ; hi/ki ) has the finite
balanced presentation with generators a1, . . . , a2n , b1, . . . , bn and 3n relations
a−ri2i = bkii aqi+12i+1a−qi2i−1
a−pi2i−1 = b−ki−1i−1 asi−12i−2bki−1i−1 a−si2i
b−hii = asi2i .
If ki = 0 (and hence hi = 1) for 1 ≤ i ≤ n, then the manifolds Mn(pi/qi ; ri/si ;∞) are
the Takahashi manifolds Mn(pi/qi ; ri/si ), first introduced in [19], and then studied in [18]. The
fundamental group of such a manifold admits the finite balanced presentation with generators
a1, . . . , a2n and 2n relations
a−qi2i−1a
ri
2ia
qi+1
2i+1 = 1
a−si2i a
−pi+1
2i+1 a
si+1
2i+2 = 1.
As pointed out in [18], for every n ≥ 3 there exists N = N (n) > 0 such that the Takahashi
manifold Mn(pi/qi ; ri/si ) is hyperbolic whenever |pi | + |qi | ≥ N and |ri | + |si | ≥ N for
1 ≤ i ≤ n. For such parameters, the last presentations define torsion-free infinite groups. This
can be viewed as an algebraic consequence on certain group presentations which arise from
the geometry of hyperbolic manifolds. Other applications of algebraic type will be discussed in
Section 3.
We say that the manifold Mn,m(pi, j/qi, j ; ri, j/si, j ; hi, j/ki, j ) is n-periodic if the surgery
coefficients are n-periodic, that is, pi, j = p j , qi, j = q j , ri, j = r j , si, j = s j , hi, j = h j and
ki, j = k j for 1 ≤ i ≤ n and 1 ≤ j ≤ m. In this case, we write briefly Mn,m(p j/q j ; r j/s j ; h j/k j )
to denote our n-periodic manifolds. If further m = 1, then such an n-periodic manifold will be
denoted by Mn(p/q; r/s; h/k).
If k = 0 (and hence h = 1), then the manifolds Mn(p/q; r/s;∞) are the periodic Takahashi
manifolds Mn(p/q; r/s), considered in [14]. In particular, Mn(p/q;−p/q) is the fractional
Fibonacci manifold M p/qn of [8], and Mn(1;−1) is the Fibonacci manifold Mn of [6].
As a consequence of Theorem B we get
Corollary 3. The fundamental group of the n-periodic surgery manifold Mn,m(p j/q j ; r j/s j ;
h j/k j ) admits the balanced presentation with 3mn generators a2i−1, j , a2i, j and bi, j , and 3mn
relations
a
−r j
2i, j = b
k j
i, j · · · bk1i,1a
q j
2i+1, j · · · aq12i+1,1a−q12i−1,1 · · · a
−q j
2i−1, j
a
−p j
2i−1, j = b−k1i−1,1a1s12i−2,1 · · · b−kmi−1,mamsm2i−2,mbkmi−1,m · · · bk1i−1,1a−sm2i,m · · · a
−s j
2i, j
and
b
−h j
i, j = a
s j
2i, j · · · asm2i,m
where ` = 0 (resp. 1) if 1 ≤ ` < j ≤ m (resp. 1 ≤ j ≤ ` ≤ m), and 1 ≤ i ≤ n, 1 ≤ j ≤ m.
1312 E. Barbieri et al. / European Journal of Combinatorics 29 (2008) 1309–1320
Theorem 4. For all p/q, r/s and h/k ∈ Q˜ = Q∪{∞} and n > 1 the periodic surgery manifold
Mn(p/q; r/s; h/k) is an n-fold cyclic covering of the connected sum of lens spaces L(p, q)
and L(ξ, η) (including S1 × S2 or S3 when the first integer is 0 or ±1), where ξ = |hr − ks|,
η = |ρr + θs| and ρk+ θh = 1. The covering is branched over a knot which does not depend on
n. The fundamental group of Mn(p/q; r/s; h/k) has the balanced presentation with generators
a1, . . . , a2n , b1, . . . , bn , and 3n relations
a−r2i = bki aq2i+1a−q2i−1
a−p2i−1 = b−ki−1as2i−2bki−1a−s2i
b−hi = as2i .
For the proof see Section 3.
We remark that our results are related in some sense with those obtained in [7]. It is known
from [21] that there exists a hyperbolic 3-orbifold whose singular set is the Borromean rings and
whose isotropy groups are isomorphic toZ4. This orbifold is defined by a finitely generated group
U of orientation-preserving isometries of the hyperbolic 3-space H3. It was proved in [7] that
U is universal, i.e., every closed-connected orientable 3-manifold M is orientation-preserving
homeomorphic to H3/G, where G is a subgroup of U of finite index. Furthermore, pi1(M) is
isomorphic to G/F , where F is the normal subgroup of G generated by the elements with fixed
points (i.e., the elements of finite order). Thus, M ∼= H3/G is simply-connected if and only if
G is generated by elements of finite order. A system of generators of U < PSL(2;C) was also
constructed in [7]. The generators are three matrices whose entries lie in a subring of the ring of
algebraic integers.
Recent results on some families of group presentations which define manifold groups can also
be found in [2,3].
2. Proof of Theorem B
A Wirtinger presentation of the link group pi1(L(n,m)) has generators xi, j , yi, j and zi, j
(where 1 ≤ i ≤ n and 1 ≤ j ≤ m) and relations (see Fig. 1)
(z−1i−1,1y
1
i−1,1 · · · z−1i−1,m ymi−1,mzi−1,m · · · zi−1,1y−1i,m · · · y−1i, j )xi, j
= xi, j (z−1i−1,1y1i−1,1 · · · z−1i−1,m ymi−1,mzi−1,m · · · zi−1,1y−1i,m · · · y−1i, j ) (1)
(zi, j · · · zi,1xi+1, j · · · xi+1,1x−1i,1 · · · x−1i, j )yi, j
= yi, j (zi, j · · · zi,1xi+1, j · · · xi+1,1x−1i,1 · · · x−1i, j ) (2)
and
(yi, j · · · yi,m)zi, j = zi, j (yi, j · · · yi,m) (3)
where ` = 0 (resp. 1) if 1 ≤ ` < j ≤ m (resp. 1 ≤ j ≤ ` ≤ m).
Let m2i−1, j , m2i, j , µi, j be the meridians and `2i−1, j , `2i, j , λi, j the longitudes of the
components of L(n,m) labelled by the generators xi, j , yi, j and zi, j , respectively, (1 ≤ i ≤ n and
1 ≤ j ≤ m). Then we have
m2i−1, j = xi, j m2i, j = yi, j µi, j = zi, j (4)
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`2i−1, j = z−1i−1,1y1i−1,1 · · · z−1i−1,m ymi−1,mzi−1,m · · · zi−1,1y−1i,m · · · y−1i, j (5)
`2i, j = zi, j · · · zi,1xi+1, j · · · xi+1,1x−1i,1 · · · x−1i, j (6)
and
λi, j = yi, j · · · yi,m (7)
where ` = 0 (resp. 1) if 1 ≤ ` < j ≤ m (resp. 1 ≤ j ≤ ` ≤ m).
Relations (1) and (2), and (3) imply that
[m2i−1, j , `2i−1, j ] = 1 [m2i, j , `2i, j ] = 1 and [µi, j ,λi, j ] = 1,
respectively. A finite presentation for the fundamental group of the closed manifold Mn,m =
Mn,m(pi, j/qi, j ; ri, j/si, j ; hi, j/ki, j ) is obtained from that of pi1(L(n,m)) by adding the relations
m
pi, j
2i−1, j`
qi, j
2i−1, j = 1
m
ri, j
2i, j`
si, j
2i, j = 1
and
µ
hi, j
i, j λ
ki, j
i, j = 1.
Now we improve the presentation of pi1(Mn,m). Since the integers of the pairs (pi, j , qi, j ),
(ri, j , si, j ), and (hi, j , ki, j ) are coprime, there are integers αi, j , βi, j , γi, j , δi, j , ξi, j , and ηi, j such
that
qi, jαi, j − pi, jβi, j = 1
si, jγi, j − ri, jδi, j = 1
ki, jξi, j − hi, jηi, j = 1.
Let us define:
a2i−1, j = mαi, j2i−1, j`
βi, j
2i−1, j
a2i, j = mγi, j2i, j`
δi, j
2i, j
bi, j = µξi, ji, j λ
ηi, j
i, j
where 1 ≤ i ≤ n and 1 ≤ j ≤ m. Then we have
a
qi, j
2i−1, j = m
αi, jqi, j
2i−1, j `
βi, jqi, j
2i−1, j = m2i−1, j (m
pi, j
2i−1, j`
qi, j
2i−1, j )
βi, j = m2i−1, j = xi, j (8)
a
si, j
2i, j = m
γi, j si, j
2i, j `
δi, j si, j
2i, j = m2i, j (m
ri, j
2i, j`
si, j
2i, j )
δi, j = m2i, j = yi, j (9)
b
ki, j
i, j = µ
ξi, j ki, j
i, j λ
ηi, j ki, j
i, j = µi, j (µ
hi, j
i, j λ
ki, j
i, j )
ηi, j = µi, j = zi, j (10)
a
−pi, j
2i−1, j = m
−αi, j pi, j
2i−1, j `
−βi, j pi, j
2i−1, j = (m
pi, j
2i−1, j`
qi, j
2i−1, j )
−αi, j `2i−1, j = `2i−1, j (11)
a
−ri, j
2i, j = m
−γi, j ri, j
2i, j `
−δi, j ri, j
2i, j = (m
ri, j
2i, j`
si, j
2i, j )
−γi, j `2i, j = `2i, j (12)
and
b
−hi, j
i, j = µ
−ξi, jhi, j
i, j λ
−ηi, jhi, j
i, j = (µ
hi, j
i, j λ
ki, j
i, j )
−ξi, jλi, j = λi, j . (13)
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By formulae (8)–(10) it follows that pi1(Mn,m) admits a presentation with generators a2i−1, j ,
a2i, j and bi, j (1 ≤ i ≤ n and 1 ≤ j ≤ m). By (5) and (9)–(11) we get the relations
a
−pi, j
2i−1, j = b−ki−1,1i−1,1 a1si−1,12i−2,1 · · · b−ki−1,mi−1,m amsi−1,m2i−2,m bki−1,mi−1,m · · · bki−1,1i−1,1a−si,m2i,m · · · a
−si, j
2i, j
where ` = 0 (resp. 1) if 1 ≤ ` < j ≤ m (resp. 1 ≤ j ≤ ` ≤ m). Formulae (6), (8), (10) and
(12) imply the relations
a
−ri, j
2i, j = b
ki, j
i, j · · · bki,1i,1 a
qi+1, j
2i+1, j · · · aqi+1,12i+1,1a−qi,12i−1,1 · · · a
−qi, j
2i−1, j .
By (7), (9) and (13) we get the relations
b
−hi, j
i, j = a
si, j
2i, j · · · asi,m2i,m .
This completes the proof of Theorem B.
3. Applications
3.1. Periodic manifolds
We prove Theorem 4 in Section 1. Suppose m = 1, and denote by Ln and Mn the n-periodic
link L(n,m) and the periodic surgery manifold Mn(p/q; r/s; h/k). Both Ln and the surgery
coefficients defining Mn are invariant with respect to the rotation ωn of the 3-sphere which sends
the i th component of Ln onto the (i + 2)th component of Ln (mod 2n). Let Ωn be the cyclic
group of order n generated by ωn . Fig. 2 shows that the fixed-point set of the action of Ωn on
the 3-sphere is a trivial knot disjoint from Ln . So there is an action of Ωn on Mn with a knot
Kn as fixed-point set. The quotient space Mn/Ωn is a closed-connected 3-dimensional orbifold
On(K ) whose underlying space is topologically the manifold M1, and whose singular set is a
knot K which does not depend on n. Now the manifold M1 is obtained by Dehn surgery on S3
with surgery coefficients p/q , r/s and h/k along the 3-component link L depicted in Fig. 2. This
link is a splittable union of a trivial knot with a Hopf link. The surgery along a trivial knot with
coefficient p/q determines the lens space L(p, q), including S1 × S2 or S3 if p = 0 or p = ±1
(see [17], Example 1, p. 260). The surgeries along the components of a Hopf link with surgery
coefficients r/s and h/k give the lens space L(ξ, η) of the statement (see Theorem 8 of [1],
p. 301). Finally, the balanced presentation of the fundamental group pi1(Mn) follows from that
of Corollary 3 for m = 1. 
Suppose n is a prime integer. By above, the group Ωn acts freely on the set of components of
the link Ln . So theorem 1.1 of [16] states that there is an action of the cyclic group Zn on the
manifold Mn(p/q; r/s; h/k) with the fixed-point set equal to a circle. Then theorem 2.1 of [16],
p. 296, is applied to give the following algebraic consequence.
Theorem 5. If n is an odd prime integer, then the abelianization withZn-coefficients of the group
defined by the balanced presentation in Theorem 4 is not isomorphic to Zn .
3.2. Geometric presentations
A finite balanced presentation of a group is said to be geometric if it corresponds to a spine of
a closed-connected 3-manifold. This means that the manifold minus an open 3-cell collapses onto
the canonical 2-dimensional cell-complex given by the group presentation. To prove if a given
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Fig. 2. The representation of the periodic surgery manifold Mn(p/q; r/s; h/k) as cyclic branched covering.
presentation is geometric, one can use the representation theory of closed orientable 3-manifolds
by RR-systems (Rail Road systems), due to Osborne and Stevens (see [15]). From this, we get
the following result.
Theorem 6. The balanced group presentations in the statement of Theorem 4 are geometric.
Proof. Fig. 3 shows an RR-system which induces the named presentation. Now the result
follows from [15]. To obtain the relations one must follow the closed curves starting from
the dotted points in the figure. Then write the encountered generators up to the correspondent
exponents with ± signs according to the orientation. 
3.3. Cyclic presentations
For the terminology and algebraic results on cyclic presentations we refer to [10]. We only
recall the definition. Let Fn be the free group on n free generators x1, . . . , xn , and θ be the
automorphism of Fn defined by setting θ(xi ) = xi+1, where the subscripts are taken to be
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Fig. 3. An RR-system inducing the balanced presentation of Theorem 4.
modulo n. For any reduced word w = w(x1, . . . , xn) in Fn , let Gn(w) be the factor group
of Fn by the smallest θ -closed normal subgroup of Fn which contains w. A group G is said to
have a cyclic presentation if G ∼= Gn(w) for some w and n. In this case, G is also called a
cyclically presented group. The polynomial fw(t) associated with the word w defining the cyclic
presentation is fw(t) =∑n−1i=0 αi t i , where αi is the exponent sum of xi in w for 1 ≤ i ≤ n (here
we set αn = α0).
Theorem 7. For all r/s ∈ Q˜, k, q ∈ Z and n > 1 the periodic surgery manifold Mn
= Mn(1/q; r/s; 1/k) is an n-fold cyclic branched covering of the lens space L(|ks − r |, s)
(including S1× S2 or S3 when the first integer is 0 or 1). The fundamental group of the manifold
admits a cyclic presentation with generators x1, . . . , xn and n relations
xks−ri+1 = (x si+2x−si+1)q(x si x−si+1)q ,
that is, pi1(Mn) ∼= Gn(w) with defining word
w = xr−ks1 (x s2x−s1 )q(x snx−s1 )q
and associated polynomial
fk,q,s(t) = sqt2 − (2sq + ks − r)t + sq.
Proof. The first part of the statement follows from Theorem 4. In this case, we have L(p, q)
= L(1, q) ∼= S3, ξ = |ks − r | and η = |ρr + (1 − ρk)s| = |ρ(r − ks) + s|, so
L(ξ, η) = L(|ks − r |, s). If p = h = 1, then the relations of Theorem 4 become
a−r2i = bki aq2i+1a−q2i−1
a−12i−1 = b−ki−1as2i−2bki−1a−s2i
b−1i = as2i
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so we can eliminate the generators b1, . . . , bn . Then pi1(Mn) has a balanced presentation with
generators a1, . . . , a2n and 2n relations
a−r2i = a−ks2i aq2i+1a−q2i−1 (14)
a−12i−1 = aks2i−2as2i−2a−ks2i−2a−s2i = as2i−2a−s2i . (15)
For 1 ≤ i ≤ n, we set xi := a2i . Then relation (15) becomes
a2i+1 = as2i+2a−s2i
that is
a2i+1 = x si+1x−si . (16)
So relation (14)
aks−r2i+2 = aq2i+3a−q2i+1
becomes (use also (16))
xks−ri+1 = (x si+2x−si+1)q(x si+1x−si )−q
as requested. 
For the theory of cyclic presentations of groups [10] we obtain the following algebraic
consequences.
Corollary 8. For every n > 3, the homology characters of the periodic surgery manifold
Mn(1/q; r/s; 1/k), that is, the structure of the abelianization of the cyclically presented group
in Theorem 7, arise from the diagonal form of the n × n circulant matrix with defining n-row
(−ks + r − 2sq, sq, 0, . . . , 0, sq).
If n = 2, then the abelianized group is infinite whenever (r, s) = (0, 1) and k ∈ {0,−4q};
otherwise, it is finite of order equal to the absolute value of the product (−ks+r)(−ks+r−4sq)
6= 0.
If n = 3, then the abelianized group is infinite whenever (r, s) = (0, 1) and k ∈ {0,−3q};
otherwise, it is finite of order | − ks + r |(−ks + r − 3sq)2 6= 0.
If n = 4, then the abelianized group is infinite whenever (r, s) = (0, 1) and k ∈ {0,−2q,
−4q}; otherwise, it is finite of order equal to the absolute value of (−ks + r)(−ks + r − 4sq)
(−ks + r − 2sq)2 6= 0.
These groups are trivial if and only if either (r, s) = (1, 0) or q = 0 and | − ks + r | = 1.
But for such values of the parameters, the manifolds Mn(1/q; r/s; 1/k) are homeomorphic to a
genuine 3-sphere. This follows immediately from the surgery description of our manifolds.
Corollary 9. The abelianization of the cyclically presented group in Theorem 7 is infinite if and
only if there exists an index i , 1 ≤ i ≤ n − 1, such that
2sq cos
(
2ipi
n
)
= ±(2sq + ks − r).
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Proof. From [10], the abelianized group is infinite if and only if the associated polynomial
fk,q,s(t) has a zero in common with tn − 1. Setting t = cos(ξ) + i sin(ξ), the condition tn = 1
gives ξ = (2ipi)/n for some 1 ≤ i ≤ n − 1. The condition fk,q,s(t) = 0 implies
sq(t2 + 1) = (2sq + ks − r)t.
Since |t | = 1, we get
|sq||t2 + 1| = |2sq + ks − r |.
This implies the statement since |t2 + 1| = 2| cos(ξ)|. 
In particular, if 2|sq| < |2sq+ ks− r |, then the abelianized group is finite. This, for example,
occurs for the Fibonacci manifolds Mn(1;−1;∞) as is well-known (here q = 1, r = −s 6= 0
and k = 0 so the above inequality becomes 2|s| < 3|s|).
Theorem 10. If r/s ∈ Q, k, q ∈ Z and ks = r + 1, then the cyclic presentation in the statement
of Theorem 7 defines an infinite group for any n ≥ 3 if s ≥ 2 or q ≥ 2 and for any n ≥ 4 if
s = q = 1.
Proof. Let Hn(v) denote the split extension group of pi1(Mn) ∼= Gn(w) by Zn = 〈θ : θn = 1〉,
where θ is the automorphism of the free group of rank n given by θ(xi ) = xi+1 (indices mod
n). Then Hn(v) has a finite presentation with generators θ and x , and relations θn = 1 and
v = v(θ, x) = 1, where
v(θ, x) = w(x, θ−1xθ, θ−2xθ2)
= θ−1x−1θ(θ−2x sθx−sθ)q(x sθ−1x−sθ)q .
Setting x−1 = θλ yields the new presentation
Hn(v) = 〈θ, λ: θn = 1, λθ(θ−2(θλ)−sθ(θλ)sθ)q((θλ)−sθ−1(θλ)sθ)q = 1〉.
The second relation becomes
λ(θ−1(θλ)−sθ(θλ)s)q = (θ−1(θλ)−sθ(θλ)s)qθ−1
which can be written in the form λu = uθ−1, where
u = (θ−1(θλ)−sθ(θλ)s)q = [θ−1, (θλ)−s]q .
Then Hn(v) has the presentation
Hn(v) = 〈θ, λ: θn = λn = 1, λu = uθ−1〉.
The added relation λn = 1 is an immediate consequence of the other two relations in the group
presentation. We have included it to give a better understanding of the fact that Hn(v) is the
fundamental group of a well-precised orbifold. Since
u = θ 1λ2 · · · λ4sq−2θ 4sq−1λ4sq
where the exponent i is the sign (±1) of 2is reduced mod 8sq + 2 in the interval (−4sq − 1,
4sq + 1), the word u corresponds to the 2-bridge knot (4sq + 1)/2s. Thus Hn(v) is the
fundamental group of the orbifold O((4sq + 1)/2s; n), whose underlying space is the 3-sphere
and whose singular set is the 2-bridge knot (4sq + 1)/2s with branching index n. By [21] this
orbifold is hyperbolic for any n ≥ 3 if s ≥ 2 or q ≥ 2, and O(5/2; n) is hyperbolic for any
n ≥ 4. The orbifold group Hn(v) is infinite when it is hyperbolic. The fact that the group
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Gn(w) ∼= pi1(Mn) is a normal subgroup of Hn(v) of index n implies that Gn(w) is infinite
under the same conditions. 
Theorem 11. For all h/k ∈ Q˜, q, r ∈ Z and n > 1, the periodic surgery manifold
Mn = Mn(1/q; r; h/k) is an n-fold cyclic branched covering of the lens space L(ξ, η), where
ξ = |hr − k|, η = |ρr + θ | and ρk + θh = 1 (including S1 × S2 or S3 when ξ is 0 or 1). The
fundamental group of the manifold admits a cyclic presentation with generators y1, . . . , yn and
n relations
yk−rhi+1 = (yhi+2y−hi+1)q(yhi y−hi+1)q .
Proof. The first part of the statement follows from Theorem 4. If p = s = 1, then the relations
of Theorem 4 become
a−r2i = bki aq2i+1a−q2i−1
a−12i−1 = b−ki−1a2i−2bki−1a−12i
b−hi = a2i .
The last two relations become a2i = b−hi and a2i−1 = b−hi bhi−1 so we can eliminate the
generators a1, . . . , a2n . Setting yi := b−1i , the first relation becomes that which is written in
the statement of the theorem. 
For the cyclic presentation of Theorem 11, one can obtain algebraic consequences similar
to those written for the presentation considered in Theorem 7. In particular, if hr = k − 1 and
h = s, then the cyclic presentation in the statement of Theorem 11 coincides with that considered
in Theorem 10. So it defines an infinite group for any n ≥ 3 if h ≥ 2 or q ≥ 2 and for any n ≥ 4
if h = q = 1.
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